We discuss the relation between transposition mirror symmetry of Berlund and Hübsch for bimodal singularities and polar duality of Batyrev for associated toric K3 hypersurfaces. We also show that homological mirror symmetry for singularities implies the geometric construction of Coxeter-Dynkin diagrams of bimodal singularities by Ebeling and Ploog.
Introduction
Mirror symmetry is a mysterious relationship between symplectic geometry and complex geometry motivated by string theory. It was originally discovered in the context of CalabiYau manifolds, but it has soon become clear that singularity theory is an important aspect of the theory through the Calabi-Yau/Landau-Ginzburg correspondence [VW89, GVW89, Mar90, Wit93] .
In this paper, we discuss the relation between mirror symmetry for bimodal singularities and mirror symmetry for K3 surfaces. Bimodal singularities are a natural class of singularities which come next to simple (or 0-modal) singularities and unimodal singularities. They are classified by Arnold [Arn75, Arn76] into 8 infinite series and 14 exceptional families. We will deal only with singularities defined by invertible polynomials, since we use transposition mirror construction of Berglund and Hübsch [BH93] , which makes sense only for invertible polynomials. An invertible polynomial is a polynomial of the form f (x 1 , . . . , x n ) = f A (x 1 , . . . , x n ) = T . The list of bimodal singularities defined by invertible polynomials in three variables is given by Ebeling and Ploog [EP13, Table 2 ]. In order to relate Berglund-Hübsch transposition to mirror symmetry for K3 surfaces, we will deal only with the cases where the defining polynomial admits an extension to an invertible polynomial in four variables defining a K3 surface in a weighted projective space. Table 1 .1 is obtained from [EP13,  Table 4 ] by removing four cases not satisfying Name (q 1 ,q 2 ,q 3 ,q 4 ;ȟ)F (x, y, z, w) F (x, y, z, w) (q 1 , q 2 , q 3 , q 4 ; h) J 3,0 (2, 6, 9, 1; 18) (1, 3, 2, 1; 7)
(1, 2, 4, 1; 8)
(1, 2, 2, 1; 6)
(3, 5, 5, 2; 15) Table 1 .1: Transposition of invertible polynomials this condition. Here, the invertible polynomial F (x, y, z, w) is a four-variable extension of an invertible polynomial f (x, y, z) in three variables, whose Berglund-Hübsch transposef (x, y, z) defines a bimodal singularity. Note that the Berglund-Hübsch transposě F (x, y, z, w) of F (x, y, z, w) may not be a four-variable extension off (x, y, z) in general;
F (x, y, z, 0) =f (x, y, z).
(1.
3)
The weight (q 1 , q 2 , q 3 , q 4 ) is the primitive weight which makes F into a weighted homogeneous polynomial of degree h. The weight (q 1 ,q 2 ,q 3 ,q 4 ) is defined similarly as the primitive weight which makesF weighted homogeneous of degreeȟ. The group of maximal diagonal symmetries of F is defined by
, we can use an additive notation and write
, where ζ n = exp(2π √ −1/n). In the additive notation, the group G max (F ) of maximal diagonal symmetries is generated by the column vectors
(q 1 , q 2 , q 3 , q 4 ), the natural action of G on C 4 induces an action of G = G/ J on the weighted projective space P = P(q 1 , q 2 , q 3 , q 4 ). This gives an action of G on the hypersurface
since F (x, y, z, w) is invariant under the action of G. The quotient stack X = [P/G] is a toric stack, and we write the group of characters of its dense torus as M. Since F has an isolated critical point at the origin, the hypersurface Y of X defined by F is a smooth Deligne-Mumford stack. We write the Newton polytope of
The Berglund-Hübsch transpose of G is defined by
The Newton polytope ∆ (F ,Ǧ) ofF inM R is defined similarly, whereM is the group of characters of the dense torus in the toric stackX = [P(q 1 ,q 2 ,q 3 ,q 4 )/Ǧ]. Let N = Hom(M, Z) be the dual lattice of M. The polar dual of a polytope ∆ in M R is defined by
A lattice polytope is reflexive if the polar dual polytope is a lattice polytope. Polar duality of reflexive polytope is an essential ingredient of mirror construction by Batyrev [Bat94] . In this paper, we give a relation between transposition and polar duality for bimodal singularities. 
where G is the unique lift of
This shows that for K3 surfaces associated with bimodal singularities, BerglundHübsch mirror construction can be regarded as a special case of Batyrev mirror construction. This generalizes a related result for unimodal singularities by Kobayashi [Kob08, Thereom 4.3.9].
The group G, which is trivial for unimodal singularities, comes from homological mirror symemtry [Kon95] for singularities. Conjecture 1.2. For any invertible polynomial f , there is an equivalence
of triangulated categories.
The category Fukf on the left hand side is the Fukaya-Seidel category, whose objects are vanishing cycles off and whose spaces of morphisms are Lagrangian intersection Floer complexes [Sei08] . It is a categorification of the Milnor lattice, which is an important invariant in singularity theory. The category D b sing (gr Lmax R) on the right hand side is the stable derived category, also known as the singularity category, defined as the quotient
of finitely-generated L max -graded R-modules by the full subcategory D perf (gr Lmax R) consisting of bounded complexes of projectives. The ring
is the coordinate ring of zero of f , which is graded by the abelian group
(1.10) of rank one. Stable derived categories are first introduced by Buchweitz [Buc87] motivated by a work of Eisenbud [Eis80] , and later by Orlov [Orl04] following an idea of Kontsevich.
In the case of bimodal singularities, Ebeling and Ploog gave the following geometric construction of Coxeter-Dynkin diagrams:
(1.11) 
Transposition and polar duality
be an invertible polynomial associated with a matrix A = (a ij ) n i,j=1 . The group L max defined in (1.10) is the group of characters of
The group
of maximal diagonal symmetries of F is the kernel of the map
so that one has an exact sequence
Let (q 1 , . . . , q n ) be the primitive weight which makes F weighted homogeneous of degree
is the primitive h-th root of unity. Then one has an exact sequence
The inverse image of G in (2.5) will be denoted by K:
The group of characters of K will be denoted by L. Let T be the cokernel of the inclusion
be the group of characters of T. One has an exact sequence
of abelian groups, which induces an exact sequence
of groups of characters. The natural action of (C × ) n on C n = Spec U restricts to an action of K, which induces an L-grading on the coordinate ring U = C[x 1 , . . . , x n ]. The quotient stack X = [(C n \ 0)/K] is a toric Deligne-Mumford stack with the dense torus T and the Picard group L.
The polynomial F gives a section of a line bundle on X, so that its Newton polytope
is a lattice polytope in the translate of M R = M ⊗ R. This polytope, considered as a lattice polytope in M R , will be denoted by ∆ (F,G) . It is well-defined up to translation by a lattice vector. Let S = U/(F ) be the quotient ring of U by the ideal generated by the polynomial F . Since F has an isolated critical point at the origin, the hypersurface 
One can easily see that
• the groupǦ contains J(F ) if and only if the group G is contained in SL n (C), and
• the groupǦ is contained in SL n (C) if and only if the group G contains J(F ).
Assume that G (and henceǦ) contains J(F ) and is contained in SL n (C). The toric stacǩ X, its hypersurfaceY, the dense torusŤ ⊂X, the latticeM = Hom(X, C × ) and the lattice polytope ∆ (F ,Ǧ) ⊂M R are defined in the same way as (F, G).
For a lattice polytope ∆ in M R , its polar dual polytope ∆ • is defined by
where N = Hom(M, Z) and N R = N ⊗ Z R. A lattice polytope is reflexive if its polar dual polytope is a lattice polytope. According to Batyrev [Bat94] , the mirror of an anticanonical hypersurface of a toric weak Fano manifold associated with a reflexive polytope is an anti-canonical hypersurface of a toric weak Fano manifold associated with the polar dual polytope. The following problem asks the relation between transposition and polar duality:
Problem 2.1. There exist a lattice isomorphism ϕ : N ∼ − →M and a reflexive polytope
Theorem 1.1 gives an affirmative answer to Problem 2.1 for invertible polynomials in Table 1 .1 with a specific group G coming from mirror symmetry for singularities.
3 Homological mirror symmetry for singularities • the space of morphisms are given by 
The lattice of vanishing cycles equipped with the intersection form is called the Milnor lattice. The Euler form on the Grothendieck group of a triangulated category is defined by
The Fukaya-Seidel category is a categorification of the Milnor lattice, in the sense that the Grothendieck group equipped with the symmetrized Euler form
is isomorphic to the Milnor lattice up to sign;
Under Conjecture 1.2, the graded stable derived category D b sing (gr L R) is also a categorification of the Milnor lattice off , where R is the coordinate ring C[x 1 , . . . , x n ]/(f ) of the singularity defined by the transpose off , and L = L max (f ) is the maximal grading group for f . Let F (x 1 , . . . , x n+1 ) ∈ C[x 1 , . . . , x n+1 ] be a polynomial in n + 1 variables satisfying the following assumption: Assumption 3.1.
• F (x 1 , . . . , x n , 0) = f (x 1 , . . . , x n ).
• F is weighted homogeneous of degree (q 1 , . . . , q n+1 ; h) satisfying q 1 + · · · + q n+1 = h.
• F has an isolated critical point at the origin.
• For any g = diag(α 1 , . . . , α n ) ∈ G max (f ), the polynomial F is invariant under the action of its lift g = diag(α 1 , . . . , α n , α
. This condition is satisfied for all polynomials in [EP13, Table 2 ]. We write the image of the injective map G max (f ) ∋ g → g ∈ G max (F ) ∩ SL n+1 (C) as G. The group G defines the group K fitting in the exact sequence (2.6). Let S = C[x 1 , . . . , x n ]/(F ) be the coordinate ring of the zero of F , which is graded by the group L of characters of K. The corresponding projective stack will be denoted by
We have the following two theorems:
Theorem 3.2 ([Orl09, Theorem 2.13]).
There is an equivalence
Theorem 3.3 ([Ued, Theorem 1.1]).
There is a functor
such that
Although both theorems are stated for Z-graded rings in the references, the generalization to the L-graded case is straighforward. Theorem 3.4 below contains Theorem 1.4 as a special case:
Theorem 3.4. Let f be an invertible polynomial in n variables satisfying Conjecture 1.2, and F be a polynomial in n + 1 variables satisfying Assupmtion 3.1. Then for any distinguished basis
of vanishing cycles are objects of the Fukaya-Seidel category. Let (
If we set G i = Φ(F i ) and E i = Ψ(G i ) for i = 1, . . . , µ, then we have
by (3.8) and
by Theorem 3.2. Now (3.9) follows from (3.4), (3.5), (3.11) and (3.12).
4 Proof of Theorem 1. 
is weighted homogeneous of degree (q 1 , q 2 , q 3 ; h) = (3, 5, 9; 18). The group of maximal diagonal symmetries is given by
where
(3, 5, 9). The invertible polynomial
is a four-variable extension off satisfying Assupmtion 3.1. The subgroup G of G max (F ) is given by
(3, 5, 9, 1). The lattice M is given by M = (i, j, k, l) ∈ Z 4 3i + 5j + 9k + l = 0 and k + l ≡ 0 mod 2 . 
∆
• clearly contains ∆ (F ,Ǧ) , so that Theorem 1.1 holds for this case.
Z 1,0 -singularity
The invertible polynomial f = x 5 y+xy 3 +z 2 is weighted homogeneous of degree (q 1 , q 2 , q 3 ; h) = (2, 4, 7; 14). The group of maximal diagonal symmetries is given by
The four-variable extension F = x 5 y + xy 3 + z 2 + w 14 of f is weighted homogeneous of weight (2, 4, 7, 1) and satisfies Assupmtion 3.1. The subgroup G of G max (F ) is given by G = J(F ), (1, 1, 0, 0) . The lattice M is given by M = (i, j, k, l) ∈ Z 4 2i + 4j + 7k + l = 0 and i + j ≡ 0 mod 2 .
We choose a basis of M as e 1 = (1, 1, 0, −6), e 2 = (1, −1, 0, 2), e 3 = (0, 0, 1, −7).
With respect this basis, the polytope ∆ (F,G) is the convex hull of 
Q 2,0 -singularity
The invertible polynomial f = x 4 z+xy 3 +z 2 is weighted homogeneous of degree (q 1 , q 2 , q 3 ; h) = (3, 7, 12; 24). The group of maximal diagonal symmetries is given by
The four-variable extension F = x 4 z + xy 3 + z 2 + w 12 of f is weighted homogeneous of weight (3, 7, 12, 2) and satisfies Assupmtion 3.1. The subgroup G of G max (F ) is given by G = J(F ) . The lattice M is given by
We choose a basis of M as e 1 = (0, 0, −1, 6), e 2 = (2, 0, −1, 3), e 3 = (1, −1, 0, 2).
W 1,0 -singularity
The invertible polynomial f = x 6 +y 2 z+z 2 is weighted homogeneous of degree (q 1 , q 2 , q 3 ; h) = (2, 3, 6; 12). The group of maximal diagonal symmetries is given by
The four-variable extension F = x 6 + y 2 z + z 2 + w 12 of f is weighted homogeneous of weight (2, 3, 6, 1) and satisfies Assupmtion 3.1. The subgroup G of G max (F ) is given by G = J(F ), 1 2
(1, 0, 0, 1) . The lattice M is given by M = (i, j, k, l) ∈ Z 4 2i + 3j + 6k + l = 0 and i + l ≡ 0 mod 2 .
We choose a basis of M as e 1 = (1, 1, 0, −5), e 2 = (1, −1, 0, 1), e 3 = (0, 0, 1, −6).
S 1,0 -singularity
The invertible polynomial f = x 5 y+y 2 z+z 2 is weighted homogeneous of degree (q 1 , q 2 , q 3 ; h) = (3, 5, 10; 20). The group of maximal diagonal symmetries is given by
The four-variable extension F = x 5 y + y 2 z + z 2 + w 10 of f is weighted homogeneous of weight (3, 5, 10, 2) and satisfies Assupmtion 3.1. The subgroup G of G max (F ) is given by G = J(F ) . The lattice M is given by M = (i, j, k, l) ∈ Z 4 3i + 5j + 10k + 2l = 0 . 
U 1,0 -singularity
The invertible polynomial f = x 3 y+y 2 z+z 3 is weighted homogeneous of degree (q 1 , q 2 , q 3 ; h) = (2, 3, 3; 9). The group of maximal diagonal symmetries is given by
The four-variable extension F = x 3 y + y 2 z + z 3 + w 9 of f is weighted homogeneous of weight (2, 3, 3, 1) and satisfies Assupmtion 3.1. The subgroup G of G max (F ) is given by G = J(F ), (1, 1, 0, 0) . The lattice M is given by M = (i, j, k, l) ∈ Z 4 2i + 3j + 3k + l = 0 and i + j ≡ 0 mod 2 .
We choose a basis of M as e 1 = (1, 1, 0, −5), e 2 = (1, −1, 0, 1), e 3 = (0, 0, 1, −3). 
E 18 -singularity
The invertible polynomial f = x 5 +y 3 +xz 2 is weighted homogeneous of degree (q 1 , q 2 , q 3 ; h) = (3, 5, 6; 15). The group of maximal diagonal symmetries is given by
The four-variable extension F = x 5 + y 3 + xz 2 + zw 9 of f is weighted homogeneous of weight (3, 5, 6, 1) and satisfies Assupmtion 3.1. The subgroup G of G max (F ) is given by G = J(F ), 
E 20 -singularity
The invertible polynomial f = x 11 +y 3 +z 2 is weighted homogeneous of degree (q 1 , q 2 , q 3 ; h) = (6, 22, 33; 66). The group of maximal diagonal symmetries is given by
The four-variable extension F = x 11 + y 3 + z 2 + xw 12 of f is weighted homogeneous of weight (6, 22, 33, 5) and satisfies Assupmtion 3.1. The subgroup G of G max (F ) is given by G = J(F ) . The lattice M is given by M = (i, j, k, l) ∈ Z 4 6i + 22j + 33k + 5l = 0 .
We choose a basis of M as e 1 = (−1, −1, 1, −1), e 2 = (0, −1, −1, 11), e 3 = (2, −1, 0, 2).
With respect this basis, the polytope ∆ (F,G) is the convex hull of The four-variable extension F = x 9 y + y 3 + z 2 + xw 10 of f is weighted homogeneous of weight (4, 18, 27, 5) and satisfies Assupmtion 3.1. The subgroup G of G max (F ) is given by G = J(F ) . The lattice M is given by M = (i, j, k, l) ∈ Z 4 4i + 18j + 27k + 5l = 0 .
We choose a basis of M as e 1 = (−1, −1, 1, −1), e 2 = (−1, 2, −1, −1), e 3 = (0, −1, −1, 9).
Q 17 -singularity
The invertible polynomial f = x 5 z+xy 3 +z 2 is weighted homogeneous of degree (q 1 , q 2 , q 3 ; h) = (1, 3, 5; 10). The group of maximal diagonal symmetries is given by G max (f ) = J(f ), 1 3 (0, 1, 0) .
The four-variable extension F = x 5 z + xy 3 + z 2 + yw 7 of f is weighted homogeneous of weight (1, 3, 5, 1) and satisfies Assupmtion 3.1. The subgroup G of G max (F ) is given by G = J(F ), 
